
C. Handlebodies
↓

index of handle

an n-dimensional k-handle is

h = Dr xyn
-R

set 2-h" = (DR) x Dn-m attaching region
2

+
hk = D x(2Dn

-R)

Am = (2DR) x 903 attaching sphere
(k = Dh + 903 core

B" = 303xDDU-4) belt sphere
n - R

kk = (03xD so-core

->din
Dn-k

given an n-manifold M and an embedding
6 : G

.

h - 2M

we attach hi to M by forming the quotient
space

MH
. my(x(2-4k) - (p(x) = 2m)
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example :

in dimension 2 :

m = 0: So ⑳
24i=0

4
k = 1 :

Mi, a
2
.

h =1

k = 2 !

"I,
42

an
a-

h2 =

Remark :

1) In all dimensions attacking a O-handle is

just disjoint union with Du

2)only a O-handle can be attached to



the empty set

3) In all dimensions n attaching an n-handle

is just "capping off" an su-

boundary component

in dimension 3 :

k = 0 :

Tk= 1: so L attachinga
111/ 111

M

2-n = ⑭B
↳ = 2 : attachingF In

2.=11) M
111

k = 3:

Remark : Note that when a handle is attached one has a

S

manifold with "corners. There is a standard way to smooth

them toget a manifold with boundary (see Wall "Differential

Topology")
lemma 1 :

If T
,

P: 2 M-2N are two differmorphisms that are isotopic
then MUN/NEAMITELN) and MUN/LMIMEZN)
are diffeomorphic



Proof :

let E : (Mx 50. 13) -> IN be the isotopy
so E(x

,
i) = P

,(x)2= 0
,

1

note : F : (Nx (0 , 13) +(0Nx [0. 1]) : (x, +)> (E(40"(,t)
,
+)

is a diffeomorphism

now define E Fc(x,
% = X

F(x,
1) = 4

, 0 t(x)

· 7
-&

O

3GNx20 , 1]->

#

21"YoX
F

~ Thx
↓ I

↳
note F gives a map F on the quotient spaces

exercise : 1) F is a honeomorphism

2) F is a differmorphism
Ineed to understand smooth

structure on quotient space)
We will often use this lemma

,
but now we need a "relative"

version

exercise :

1) if Po: 2
.

h
*
+ 2 M are isotopic,

then the result of



attaching h to M with t is differsmorphic
to the result of attaching with $,

2) the isotopy class of 4 : 2h
*
+ >M is determined

by
a) isotopy class of Plan (AR= sk-x 203)

(i
.

e
.

an Sk- knot in 7 M)

b) the "framing" of the normal bundle of (A4)

2
.

2
.

an identification of r($(A4))
with SM-1x Rah

* normal bundle

T2M)p(A4)Ap(ak)
Hint: Recall P(AK) has a ubld

diffeomorphic to a ubhd of the

zeo section in U/P(AR))
the easiest way toget this is by choosing

a Riemannian metric and use the

exponential map
now choose metrics cleverly

example : notice S'XIR has an integers worth

of framings
SXIR2 -+ S'x M2

(4,
(r

,) +-> (4
,

(v
,
0+ nd))

eg on unit disk

①



3) show the framings on a l-dimensional

sphere in Y" are in one-to-one dim. of the

↓ fiber of
normalcorrespondence with

Th (0(n-m)) bundle

from above we see that

attaching an n-dimensional le-handle one must specify

1) an SR- knot in 2M and

2 an "element" of TT1)0mn-kll
↑

to really get an element need
a canonical "zero" framing

examples :

1) a O-handle in an n-manifold

attaching sphere is 0 and

framingT-,
(010)) =0

so no choices ! Unique way
to attach a o-handle

we saw above attachingo-handle is just

taking union with By

2) I- handles in an n-manifold

attaching sphere is So= - ·

framing To (0in-1) =/ (n > 1)

so once you pich 2 points to attach I-handle
there are 2 ways to attach handle



n= 2

&opt

· ↓

F ,
↑

T orientable if
not orientable I way

this happens in general : when attaching
a l-handle once attaching sphere is

specified there is a que way to

attach handle and preserve orientability-
(assuming M connected)

3) 2-handles in an n-manifold

attaching sphere an
S

n- 2 = 0
, 1

framing element of T
. (0-2) n-2=z

n-2 > 2

n =2 no choice once s' specified



=
" /

n = 4

x attaching sphere

D a knot in 3-mfo= ) (4-m (d)

⑨
get other "framings" by composing for

Pu : S xD-> Sx D : (4,5)+ (0
,
r

,
0 + n4)

Ahundle decomposition of an n-manifold M is a sequence

of manifolds Mo
,
M. ... Me such that

1) Mo = 0 and MeM

2) Men is obtained from Mi by a

h-handle attachment for some h

a handle decomposition of aLobordism M with G-M+

is the same except Mo = [0. 3]x2-M



example:

handle decompositions of sh

1) *handteandie

2) -Franceand

-Fansare
#2:

ysmooth compact manifold has a handle decomposition

This follows from the existence of Morse functions !

Main Th * ofMorse Theory-

let f :M+ I be a Morse function

1) if [a, b] contains no critical values then

f - ([a, b]) = f(a)x[a, b]
T manifold since a regular valueJ#) it I! criticalpoint pe f/[a, b]) of index ↓St.

f(p) =(a,b) then

fa, b)) is obtained from f(a)x[a
,
a+ 2] by

attaching a h-handle to +"(a) x 39 +33



example:

⑧
⑳

O-

&

Remark : handle decomposition theorem clearly follows

Proof ofI :

recall a Riemannian metric on M is a choice of

"inner product" on TxM for each x

22. gx : TMx TxM - R

such that17 gy is bilinear

2) gx (rw = gy /w
,
w) and

3) gy (v
.

2) = 0 and

gx (r,m = 0 v = 0

and gy varies smoothly withX

(teclinically g is a positive-definite, symmetric

2-tensor)
Fact : all manifolds have Riemanian metrics

given on M we get a map



%: X(M) ->2 (M) : 0 1+g(0,)

restor *
I- forms

fields

exercise : Show dgis an isomorphism

given a function f : M + IR

we define the gradient to be

Of = Pg(df)
exercise : Show If

x
is perpendicular to

- "(f(x) if flot a regular value

noteO

now setTb3

sincedfto

S O outside a nbhd of f(a. b))

let I : MXIR + M be the flow ofo

recoll :M-Mix -+ Exit) is a differmaphism
note: (fo E(x+) = df(H)((x,+)

= dfox+)

= gl7f,) = 1

So foE(x+) = + + constant = + + f(x)
*

f(x)



(in abld off-(a. b]))
: Pelf"(a)) = f + (a ++) + + [0

,
b -a]

so : f(a)+ f(a++)k
+ (f-a)

is a diffeomorphism

now set

4: f(a) x [0
, b -a] -> M

(x, + )1- q(x) = E(x,+)

#Laim : & Tix, an isomorphism

indeed

if In <+) TEH (f" (a) x(0
,

3 -a))

then d4
, x+

(2
,
(*) = d

-

(x,
+)(v. (5)

= dq(w) + <1
T

in Fapf - " all perpendicular
to&

so if d4x.) = 0 then each

component is 0

=> v = 0 since 4a differ
c = 0 Since ofF



Clearly : ↑ is onto (exercise if not obvious).

Claim : ↑ injective
if 4(x+) = P(y,

s) then += S

so Pf(x) = P, (y) = 4+ (y)

:- X =Y ->

a bijective local diffeomorphism is a

diffeomorphism #

Sketch of Part11 :

First we need

lemma 3 (Fundamental lemma of MorseTheory) :

If p is a non-degenerate critical point of f : M-I

with index 1 then J coordinates about p such that

- takes the formL
f(x

,( ..., 4n) = f(p) - Xi- ...

-x +x ...

+ X

will prove this later but first see how
.

Part II)

follows from the lemma

let U be a neighborhood of the critical point p

as in the lemma

so in W we see (let f(p) = c)



#
1

this is essentially ↳-handle attachment

I x(f "((c - s
,
c ])) er

·
S
T-(/// // / /3 +(22)

-

f
-([c- 3

,
6+a]) - U

.

Ell

[(- c) - v)xI
mote this doesn't change #

topology

Proof of lemma 3:

take any coordinate chart ↑ sending O top, writing in

these coordinants (1.
e
. for but we just writef)



,+(0)
can be diagonalized by an appropriate choice of basis.

If L : /" ->R is this change of basis map then

replace ↑ by YoL (still call it 4)
,

then f in these

words
A = 1jf() = )........

to further normalize for we write in is a special way
->

from here on
f(x) - +(0) = Saef(+x)dt

we write f for

fo 4 and just =(xX

think of as

a function on

an open set in IR" =
= bij(x, x =X

where B= (bij(+)
by replacing bis with+ b

, i) x = [i]-we can assume By is symmetric could reco above
to see f = xBx

note : Bo : A too

#aim: we can find an invertable matrix Q
x depending on X

L such that QBxQx = A J
(e. g. Qoi 1)

then set 4(X) = Q*'X and note

d% = Q= I-

so t is a local differ (word
.
Chart

!
)

4 : X- u
(X,, --Yn) 14. -- Yul



and
fly) = f(0) + (Qy,4)

+

Byx(Q+
+(Y)

= f(ol + yT (Quiy) BysyP+<)y = f (0) + TAy

: If we set p = 4", then

fop(y) = f (0) + 4(p(y))A4(4(X)
= f(x) + yAy
= f(x) -y,

2
...

-y+ ya +
-..y

-

Proof of Claim : We show
, given A = (...)

=> a nbhd Nof A in space of myn matricies

and a smooth map p : N -> 6 L(n
,
IR)

St
.

P(A) = I and P(BTBP(B) = A F BEN

to see this suppose B is close enough to A so that

b 50 and has the some sign as a

consider the map T: IR"-> IR" given by
y +

X

T-b-⑧ &
0

oth:

+BT=%



-(
and if b 11

, bi: 0 then B'"close

to All so we can induct4
minor

D. Main Facts about handle decompositions

lemmat:

in dimension n , an "upside down" k-handle

is anIn-m) handle

1? If you attach a h-handle to MX313 < MX 90. 17

to get W
,

where GW = -Mr M

then W is diffeomorphic to the result

ofattaching an (n-k)-houdle to MX(03 <MX10
, 17

Remark: if a handle decomposition of M came

from a Morse function f : M + RR

then -f : M + IR a Morse function St.

an indexh critical point for - becomes

and index n-n critical point off

2n 2-4

examplen



Zencise: Prove lemma

lemma 5 :

Given a handlebody structure on M we may always assume

handles of indut are attached before handles of index 13k

andh-handles can be attacked in any order

Proof : recall #But
bettea

M

Ak = sk-attaching sphere

now supposed" is attached after he nzh

note : Ak = Sk - 1

form- & 2(Muhe)
-

for be ->
B= ghees

C
n-1 monifold

we can isotop A to be transversefo B

- recall isotopy does notaffect the resulting mtd

So And has dimension
Icodimension

(n - 1) - (n -k+ 1) - (n - n +1- 1) adds)

= k -l- 10

So A is disjoint from B

exercise : if f : -> Muh" is an embedding
disjoint from B

,
then + can be isotoped



so,mf) is disjoint from he

hint: Be flow that pushes

Ex anything, in

2+
h - B

off of2thl
1111I

: the attaching region of he can be moved

away from he and so h and he can

be attached in any order

note : Not true for kil Fin
h' cannot

come before hi

so allR handles can be attached a the same time

but there is an interesting thing that happes when

you do this

suppose you had

,
now you push orange of of the blue in 2 ways

,



the difference is called a handle slide

note : the attaching shees change as follows

go
you "make a copy of blue then

connect sum the orange with copy"
↓Copyof blue

>g ,
Xo
,

X

connect-, %x
sum

this is easier to see with 2-hendles in 3D

#,

C ↓

#
so attaching spheres are



make a copy of blue

E Lo,
I I

1 11. 11

connect sum

Lt
phyn

h

1/11I /

the way to prove this works in any dimension
is as follows

17 in blue handle you see D
*

x3p3 < 2
+
h

It gives a s"-c 2- copy of attaching
Sphere)

2) can more part of
orange attaching

sphere neare this Sh11 and use

De to guide an isotopy over blue handle

e.g. attaching sphere
Y

Dh + 3p]

↓
·

AT· oL
attaching sphere !

Push along red

L·T~ o-



note : even though we can't "see" a 4-dimensional

2-handle we can see how there attaching
spheres change as we do a handle slide

Eg:

·
we will discuss this much more later on in the

course.

lemmab :

If M ' = Muhh-4k+ /
such that the attaching

sphere of ht' intersets the belt sphere
of he exactly once and transversely,

[L
then MEM

↑
we say the handles
can be cancelled

Proof : we need a preliminary result

Kemma 7 :

if M is an n-manifold with boundary
A = disk D"-1 c GD"

,
and

f : A + 2 M an embedding
then MuD" = M



l
exercise :

1) Prove lemma 7

2) Under the hypothesis of lemma l

show you can isotop attaching region, of htso hah
**

is a desk

: lemma = he 14 ** ED"1, , 1) 3) Show ((h *
ch

+) = D
. ") 1 M is a

so hinh dish :· lemma = M' = M

M1(h uhm) = D #

Corollary 8 :

if W is a connected n-dimensional cobordism

then it has a handle decomposition with

t3 0-handles if 2
.

W &%
83n-handles if +W



Proof :

note: if hi 1
,

then 2-hh is connected so attacking
he must be done to a component of W

: Wohh has the same number of

components as M

· attaching a O-handle adds components to w

· attaching a l-handle either keeps the

number of components the same or

reduces the number by one

#F w

now assume G
-

W = 0
, we can attach all zero handles first

it there is more than one
,

then W will not be

connected unless Il-handle h' connecting 2 of the

o-handles hi
,

4 ?

note : belt sphere = Ch
attaching sphere of hi = so

so by Facts above can cancel hiuh ?

note : given a Morse function f
,
-t is Morse too with

same critical points but if one was indict for +

then its n-R for -f

similarly if you think of a handlebody "upside down"

you have same handles but h handle becomes n-b

: also done with 2+
W = @

exercise: do other cases
#


